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Abstract 
The technology for controlling elastic deformations of flexible struc- 
tures is one of the key considerations for future space initiatives. A vital 
area needed to achieve this objective is the development of a control 
design methodology applicable to flexible structures. In this paper, 
the p-synthesis technique is employed to design a high performance 
vibration attenuation controller for the JPL/AFAL experimental flex- 
ible antenna structure. The results presented deal primarily with the 
control of first two global flexible modes using only two hub actuators 
and two hub sensors. Implementation of the multivariable control laws, 
designed based on a finite element model, are presented. All results 
are from actual implementation on the JPL/AFAL flexible structure 
testbed. 
1 Introduction 
The technology for controlling elastic deformations of large flexible struc- 
tures is one of the key considerations for future space initiatives. A vital 
area needed to  achieve this objective is the development of a control design 
methodology applicable to flexible structures. To that end, this research 
employs p-based control design methods for the analysis and synthesis of 
controllers to lightly damped flexible structures. The JPL/AFAL flexible ex- 
perimental antenna structure provides a testbed for validation of this control 
methodology and exploration of critical robust control issues. 
The initial results deal primarily with design of a high performance vibration 
attenuation controller for the JPL/AFAL experiment using only the hub actu- 
ators and sensors to  control the first two global flexible modes. The structural 
model used for the control designs is from the preliminary identification re- 
sults documented in [I]. By pairing sensors and actuators properly, the model 
can be regarded as two decoupled single-input/single-output (SISO) systems 
which include two modes respectively. From experiments, little coupling of 
these two subsystems is observed. 
Multi-Input/multi-output (MIMO) control laws are formulated using addi- 
tional rib actuators/sensors. The goal is to improve the vibration attenuation 
using robust multivariable design techniques. A finite element model is used 
for control design since no identified model is available. The damping val- 
ues are based on previous single-input/single-output experiments. The first 
boom-dish mode is assigned 12% critical damping, the second boom-dish 
mode 0.7% and all other modes 1% damping. The finite element model pro- 
duces a number of modes between 0.09 and 4.5 Hz which are not included 
in the control design model. The neglected modes and the variations be- 
tween the actual structure and the model are accounted for by the addition 
of uncertainty models. 
The p-framework allows for the incorporation of structured and unstructured 
uncertainty associated with the models into the controller design. The focus 
of the paper is on robust control for flexible structures with both unstructured 
and structured uncertainty due to  unmodeled dynamics, actuator and sen- 
sor dynamics, and uncertainties in damping, frequencies and mode shapes. 
In the future, the abundance of actuators and sensors on the JPL/AFAL 
experiment will allow us to  address a more challenging problem in large flex- 
ible structures, that is, robust control of flexible structures with numerous 
uncertainties using non-collocated sensors and actuators [2]. 
The control laws presented were designed using p-synthesis techniques. Sev- 
eral different control designs were formulated in both the SISO and MIMO 
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cases, however, only the designs which yielded the best closed-loop perfor- 
mance are discussed. All results are from actual implementation on the 
JPL/AFAL flexible structure testbed. 
The paper is organized as follows. The JPL/AFAL experimental facility is 
described briefly in Section 2. Section 3 reviews the fundamental ideas of 
the p-synthesis methodology. Problem formulation and controller synthesis 
procedure is presented in Section 4 and the analysis and experimental results 
are shown in Section 5. 
Definitions 
Terms to  be used in this paper: 
Nominal  S tab i l i ty  (NS) The nominal plant model has to be stabilized by 
the controller design. This is a minimum requirement. 
Nominal  Performance ( N P )  In addition to stability, the quality of the 
nominal closed-loop response should satisfy some performance require- 
ments. The performance is defined in terms of the weighted H,-norms 
for the closed-loop system between the exogenous inputs (disturbances) 
and “errors” (sensor outputs). This norm describes the worst cases 
closed-loop response, over frequency, to disturbances. 
Robust Stabil i ty (RS) The closed-loop system must remain stable for all 
possible plants as defined by the uncertainty descriptions. 
Robust Performance (RP) The closed-loop system must satisfy the per- 
formance requirement for all possible plants as defined by the uncer- 
tainty description. For example, a requirement may be 
T ( W ~ ( I + G I I ’ - ~ W ~ ) <  1 VU, VG 
where Wl and WZ are frequency dependent weighting, G is a general 
interconnection structure, and T is the maximum singular value. 
2 Description of Experiment Facility 
Experimental demonstration and verification of robust control using p-synthesis 
‘techniques was conducted on the JPL/AFAL Flexible Structure Testbed. The 
testbed is a 3-D antenna-like structure which exhibits many characteristics of 
a typical large space structure. These include numerous low frequency modes, 
densely packed modes, low structural damping, and three-dimensional struc- 
tural interaction among components. In this section, a brief description of 
the testbed facility is given. Detailed description can be found in [1,3]. 
2.1 Configuration 
The main component of the testbed facility is shown in figure 1. I t  consists of 
a central rigid hub to  which is attached 12 ribs The ribs are coupled by two 
rings of pretensioned wires. Functionally, the wires are intended to simulate 
the coupling effects of a reflective mesh installed over the rib frame in an 
actual antenna. The ribs are 2.25 m in length. The hub is of radius 0.G m ,  
making the dish structure 5.7 in in diameter. The tensioning wires make two 
rings a t  approximate diameters of 3 m and 4.8 m around the structure. Each 
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Figure 1: JPL/AFAL Flexible Structure Testbed 
Figure 2: Assignment of Rib Number and Sensors/Actuators 
rib is supported at  its 40% and 80% points, 0.9 m and 1.8 m from the rib root, 
the same locations as the coupling wire attachments. A 1 m flexible boom 
is attached to the central axis of the hub and has a mass at  its lower end to 
simulate the feed horn of an antenna. The feed mass is 4.5 kg. The hub is 
mounted to a backup structure via a twc+axis gimbal which allows rotational 
freedom about two perpendicular axes in the horizontal plane. The gimbal 
bearings support approximately one quarter the weight of the ribs, the entire 
weight of the hub, boom, and feed, and their respective sensing and actuation 
devices. 
2.2 Actuators 
Each of the ribs can he excited dynamically by a single rib-root actuator, 
a lever arm of about 0.3 m from the hub attachment point. Each rib-root 
actuator consists of a speaker-coil type device which reacts against a mount 
rigidly attached to the hub. In addition to the rib-root actuators, two speaker 
coil type actuators are mounted on the hub to provide controlled torquing 
about the two gimbal axes. These hub torquers apply linear forces to the 
hub at  its outer circumference to  yield the required torques about the axis of 
rotation. Together, these 14 actuators are capable of controlling all flexible 
modes of the structure. The location of these actuators are shown in figure 2,  
together with the assignment of the rib numbers. As is, the axes of rotation 
are construed to be along rib#l and rib#7, and rib#4 and rih#lO, with re- 
spective rotations excited by hub actuators HA10 and HAI. For convenience, 
the axes are labeled as the 1-7 axis and 4-10 axis in all later references. 
2.3 Sensors 
Each of the 24 levitators is equipped with an incremental optical encoder 
which measures the relative angular rotation of the levitator pulley. These 
angular measurements are translated into the vertical motion of the ribs a t  
the levitator/rib attachment points, relative to the backup structure. Addi- 
tional linear variable differential transformers (LVDT) sensors are provided to 
determine the rib displacement measurements a t  four evenly spaced rib root 
actuator locations. Hub angular rotations about the two axes are measured 
by two rotary variable differential transformers (RVDT) mounted directly a t  
the gimbal bearings. The locations of the 30 sensors are also shown in figure 
2. As assigned, angular displacement about the 1-7 axis are measured by 
sensor HS1, and that about the 4-10 axis by sensor HS10. 
The controller order and the number of control inputs and outputs are limited 
due to the constraints of the realtime computer. Only the hub and collocated 
rib sensors/actuators associated with the 4-10 axis in figure 2 are used in the 
multivariable designs (i.e. HAlO/HSl, RA4/RS4, and RAlO/RSlO). The 
antenna is highly symmetric, therefore the 1-7 and 4-10 axis can be examined 
independently when using the finite element model. 
2.4 Dynamic Model 
The finite element method was used to generate a theoretical system model 
for the testbed structure. Simply, the method approximates the original 
distributed parameter system with its unlimited number of degrees of freedom 
by a discrete system with finite dimensionality. The symmetry of the dish 
structure makes it possible to separate variables and express a given mode 
shape as the product of a shape function, which is independent of the rib 
number, and a scalar function which depends on the rib number. This scalar 
function, which reflects the circular dependence of the given mode shape, can 
be written by inspection in the following form: 
Sin [',' - + $  k] 
where i is the number of the rib, n is the number of ribs in the dish structure 
( 12 in this case), and k is the circular wave number for a given mode ranging 
from k = 0 to k = 6, and $k is phase angle depending on the coordinate 
system transformation. A mode is completely specified by its frequency, 
circular wave number, phase angle, and the boom and rib shape functions. 
2.5 Mode Shapes and Frequencies 
hfode shapes of the structure can be grouped according to their circular wave 
number k. For k = 0 , 2 , 3 , 4 , 5 , 6 ,  all reaction forces on the hub caused by rib 
motion cancel out, and thus neither hub nor boom motion is involved in 
these modes. They behave as if the hub was  clamped in its resting position 
and are called dish modes. As such, degrees of freedom of the hub and 
boom can be taken out, reducing further the dimension of the eigenvalue 
problem associated with the dish modes to 20. In addition, the dish modes 
corresponding to k = 2 , 3 , 4 , 5  are each two-fold degenerate, while degeneracy 
does not exist for k = 0 and k = 6. This is due to the fact that for k = 0 
and k = 6, modal excitations about the two orthogonal gimbal axes generate 
identical motion for the ribs and thus constitute as one mode. The frequencies 
of the first 20 dish modes are listed in Table 1. 
For k = 1, the reaction forces on the hub do not cancel, and the modes 
appear as a rocking of the entire structure. These modes are called boom- 
dish modes as they involve motion of the boom, hub, and dish structure 
together. For a perfectly symmetric structure, the "boom-dish modes" are 
degenerate. However, for the present structure of which the hub is not quite 
symmetric, they are not. Table 2 show the modal frequencies of the first 12 
boom-dish modes, 6 for each of the gimbal axes. The small differences in the 
frequency values reflect the slight hub non-symmetry. 
It is noted thal the dish modes, with their symmetric mode shapes about the 
hub, are not controllable and observable from the hub. Thus, hub actuation 
would manage only to excite and control the boom-dish modes. Since these 
modes constitute a small subset of all system modes, and larger frequency 
separation, they provide a good first test problem for initial experiment using 
p-based controller. The SISO robust control experiments described investi- 
gate only the boom-dish modes via actuation/measurement a t  the hub. Work 
involving control of both boom-dish and dish modes is discussed in the mul- 
tivariable control design section. 
3 Robust Control Methodology 
This section briefly reviews the frequency-domain methods for analyzing the 
performance and robustness properties of feedback sys t em using p [3-71. 
The general framework used in the paper is shown in figure 3. Any linear 
interconnection of inputs, outputs and commands along with perturbations 
and a controller can be viewed in this context and can be rearranged to match 
this diagram. 
Figure 3: General Interconnection Structure 
Figure 4: (a) Analysis and (b) Synthesis Problem 
3.1 Analysis Overview 
For the purpose of analysis, the controller may be thought of as just another 
system component. The inclusion of the controller into the plant reduces 
the diagram in figure 3 to  that in figure 4-(a). The analysis problem in- 
volves determining whether the error e remains in a desired set for sets of 
input U and perturbation A.  The uncertainty in U and A as well as the 
performance specifications on e are normalized to  1. This requires that all 
weighting functions and scalings be absorbed into the interconnection struc- 
ture G. Furthermore, G can be partitioned so that the input-output map 
from U to e can be expressed as the following linear fractional transformation 
e = F.(G, A)u 
where F,,(G, A) = GZZ + CzlA(1-  G I I A ) - ' G I ~  .
The nominal performance objective is simply 
I I  Gzz Ilm= S ~ P  (Gzz(jw)) . 
Robust stability for unstructured uncertainty (only F(A) 5 1 known) de- 
pends on 1 1  G11 ll-. Unfortunately, norm bounds are inadequate for dealing 
with robust performance and realistic models of structured plant uncertainty. 
To handle these questions, the structured singular value, p is used. p is used 
to analyze linear fractional transformations when 0 has structure. A more 
complete background on p can be found in [4-7]. 
3.2 
For the purpose of synthesis, the A can be normalized via a transformation, 
and the transformation absorbed into P. This results in the synthesis problem 
in figure 4-(e). Hence, the synthesis problem involves finding a stabilizing 
controller K such that the performance requirements are satisfied with the 
inclusion of uncertainties. The interconnection structure P can be partitioned 
so that the input-output map from U' to e' can also be expressed as the 
following linear fractional transformation 
Synthesis Review - H ,  Optimization 
where 
4 ( P ,  K )  = Pi1 + PizK(1-  PazK)-'Pzl . 
For Hm optimal control problem, the objective is to  find a stabilizing con- 
troller K which minimizes 11 F,(P, K) ]Im. 
A detailed review of Hm is given in [8] and state-space results are discussed 
in [5,6,9]. 
3.3 p-Synthesis Methodology 
The p-synthesis methodology emerges as a practical approach in designing 
control systems with robust performance. This technique essentially inte- 
grates two powerful theories for synthesis and analysis into a systematic de- 
sign technique that involves using the H ,  optimization method for synthesis 
and the structured singular value ( p )  for analysis. Since p may be obtained 
by scaling and applying the 11 . l l m ,  it can be reformulated as an Hm control 
design problem. The problem of robust controller design becomes one that 
find a stabilizing controller li and scaling matrix D such that the quantity 
II DR(P,  1 V - l  1109 
is minimized. One approach to solve this problem is to alternately minimiz- 
ing the above expression for either I< or D while holding the other constant. 
Figure 5: Problem Formulation 
For fixed D, it becomes an H, optimal control problem and can be solved 
using the well-known state-space method [5,6]. On the other hand, with fixed 
K ,  the problem can be minimized at  each frequency as a convex optimiza 
tion in h ( D ) .  The resulting data of D can he fit with an invertible, stable, 
minimum-phase, real-rational transfer function. This process is carried out 
iteratively until a satisfactory controller is constructed. Although, this it- 
erative scheme does not guarantee to find a global optimum of the above 
minimization problem, in spite of this, the approach appears promising and 
consistent results have been obtained. 
4 Control Problem Formulation 
The p-framework requires the designer to formulate the control problem in a 
linear fractional description. Figure 5 shows the block diagram of the problem 
formulation used in designing controller Ks which was implemented on the 
JPL/AFAL Flexible Structure Testbed. The problem formulation requires 
to scaling of all the output errors to 1, so that when p is less than 1, "robust 
performance" is achieved for the plant and uncertainty description defined 
by the interconnection structure P. 
4.1 Single-Input/Single-Output Control Design 
Initially, control laws are formulated for vibration attenuation of the first two 
boom-dish modes using only the hub actuators and sensors. The actuators 
and sensors are paired to regard the system as two decoupled SISO systems. 
The discrepancies between the real structure and the model are taken into ac- 
count with uncertainty models. In the p-framework, the characteristics of the 
system and associated uncertainties are included in the problem formulation. 
There are several types of uncertainty which are prevalent in the design of 
control systems for this antenna experiment. These include: unmodeled dy- 
namics, the level of damping in each flexible mode, and the gain levels of 
the actuators and sensors. The damping uncertainties and actuator mag- 
nitude levels are limiting factors in achieving a high performance vibration 
attenuation control design. The first set of control designs incorporated mul- 
tiplicative sensor uncertainty to account for the damping uncertainty, gain 
variations in the actuators and sensors, and crosscoupling between the two 
single input/single output systems. An additive uncertainty is used to ac- 
count for the neglected high frequency modes. 
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Table 2. Modal Frequencies of Boom-Dish Modes 
In figure 5 the PLANT is a Z-input/Z-output identified model consisting 
2 decoupled two-mode SISO subsystems as reported in [l]. The two S E 0  
transfer functions are: 
3.2 29.5 
sz + 0.1654s+ 0.3753 + s2 + 0.1995s + 15.9187 - -  - 
HS1 
HAlO 
and 
HSlO 5.2 39 
HA1 
- -  
s2 + 0.1313s + 0.3563 + s2 + 0.0696s + 14.9317 
The additive uncertainty, W,,,, has a weighting function of 3 . 5 3 . .  Out- 
put uncertainty associated with the sensors is formulated as multiplicative 
uncertainty on the sensor outputs and treated as a constant 16% uncertainty 
across the entire frequency range. 
There is a constraint on the actuator torque which is incorporated as a per- 
formance constraint. The actuator signals are output as an error, mag, and 
weighted accordingly. The scalar weight, magwt, scales the actuator mag- 
nitude limit. In the controller design for &, the magnitude was limited to 
1.11 Nm. In the experiment facility, the actual limitation on the actuator 
force is k2 .3  N m .  The discrepancy is due to  the model having too high of 
a damping value for the second mode, which leads to  a difference of approx- 
imately a factor of 2 between theoretical and experimental actuator force 
levels. Sensor noise, on the order of f l  mrad, is taken into account in the 
problem formulation. A first order Pade approximation of the sample time 
is included, to account for the continuous time system being implemented in 
discrete time. 
Finally, the performance specification on the closed-loop transfer function 
between input disturbance and output sensors is defined. The performance 
weight consists of a constant weighting of 2.2. This requires the peak value of 
the magnitude in the closed-loop transfer function between the disturbance 
and sensors be reduced by 2.2. Figure 5 can be easily rearranged into the 
control design interconnection structure shown in figure 6. One will notice 
that there is a significant amount of structure associated with the uncertainty 
descriptions and performance requirements. A straight H, control design 
would not be able to take advantage of the knowledge of this structure, 
whereas controllers formulated using psynthesis can take advantage of this 
information. 
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4.2 Analysis and Experimental Results 
Using the p-synthesis techniques discussed earlier, a controller is designed for 
the interconnection structure shown in figure 6 , The controller size was on 
the order of 11 states for each input/output channel (2 channels). Due to  
limitations associated with implementing these control laws, the controller 
design was reduced in size using balanced minimal realization methods. The 
size of the controller implemented on the experiment is 5 states for each chan- 
nel. There is a very small difference between the original control design Bode 
plots and the reduced order one. In the theoretical formulation, reduction 
in controller size showed little degradation in performance and robust tests. 
The prewarped Tustin method is used to discretize the analog control design. 
The sample rate is 20 Hz and 10 rad/s is used for the warping frequency. 
The results of implementing controller I(a, is shown in figures 7 and 8. For 
the defined model set, (i.e. the nominal plant model with the uncertainties), 
the control law exhibited robust performance. Figure 7 shows the open-loop 
response of the structure, a t  hub gimbal sensor HSl, to 8 pulses of .8 second 
with f 1 N m  torque level, the system is then allowed to decay to an ambient 
state. Figure 8 shows the response at  the rib root sensor, Rs4. The decay 
time is measured when the sensors are within 2 mrad of a normal zero value. 
One will note that hub gimbal actuator HAlO is associated with the hub 
gimbal sensor HS1 with the torque measured in N m  and the output measured 
in mrad. This excitation pattern excites the second boom-dish mode of the 
structure. In the closed-loop experiment, the controller is switched on after 
the last pulse (6.4 seconds). A plot of the control action is shown in figure 9 
for the hub gimbal actuator, HA10. 
In a comparison of the open-loop response with the closed loop response, one 
can see that the decay time is significantly reduced. The difference in decay 
time between the closed loop and open loop system is on the order of a factor 
of 6. The controller uses a maximum of 2.3 N m  for actuator HA1 and 1.8 
N m  for HAlO. 
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Figure 9: Control Action a t  HA10 
4.3 Multivariable Control Designs 
Several multivariable control laws were formulated for the JPL/AFAL an- 
tenna using a hub actuator/sensor pair and two collocated rib actuator/sensor 
pairs (i.e HAlO/HSl, RA4/Rs4 and RAlO/RSlO). The finite element model 
was used in control design. Due to the computational restrictions, only ac- 
tuator/sensor pairs along 4-10 axis are used. The fact that the 1-7 axis and 
410  axis are highly symmetric in the model, leads to  little cross-coupling 
elements between the axes in the model. Therefore, the 1-7 and 4-10 axis 
control laws are designed independently. 
For the multivariable designs, similar uncertainties are present a9 in the 
single-input/single-output control designs. Additional modes associated with 
the first rib bending mode are included in the design model along with the 
first two boom-dish modes. The neglected modes are taken into account 
by bounding their magnitude with a frequency domain additive uncertainty 
weight. A block diagram similar to  figure 5 is used for control design with 
input multiplicative actuator uncertainty included along with output multi- 
plicative sensor uncertainty. 
The control design model developed using the finite element method varies 
from the experimental transfer functions. Specifically, there are noticeable 
differences between the identified transfer function for HAlO/HSl and the 
finite element model. Due to these discrepancies and others which might 
be present, a high level of uncertainty is used in the multivariable control 
formulation. Control ICz3 was designed with a additive uncertainty weight of 
.8%, and the input (49%) and output (1%) uncertainty levels are treated 
as a constant uncertainty across frequency. One would expect that a control 
design based on the identified model would have better performance than the 
one based on a finite element model. 
4.4 Results 
Figures 7 and 8 are plots of implementing the MIMO control law on the 
JPL/AFAL structure as compared with the SISO control law and open-loop. 
The decay time of the controller is 11 seconds for the same input excitation 
used in the open-loop and SISO cases. In spite of the fact that the multivari- 
able control law used the additional actuators RA4 and RA10 and sensors 
Rs4 and RS10, it performed worse that the SISO control law. It’s perfor- 
mance is half that of the SISO design. This is attributed to the inaccuracies 
associated with the finite element models and the high level of uncertainty 
required to generate a robust multivariable design. It appears that I(z3 has 
too much gain at  high frequency since it appears to be tracking some input 
noise. In future designs, the size of the additive uncertainty weight will be 
increased to alleviate this problem. The inclusion of a significant amount of 
uncertainty in the control design model was necessary to assure stability of 
the MIMO control laws when implemented on the real structure. 
5 Conclusion 
Using the p-framework, we were able to synthesize control designs which 
performed well on the experimental system. To date, the SISO control law 
achieves the highest vibration attenuation of the antenna structure for the 
disturbances described. In the SISO design, the performance of the antenna 
experiment is limited by the actuator torque available. Increased actuator 
torque would certainly increase the performance capability of the structure. 
The use of additional actuators/sensors should improve the performance char- 
acteristics of the closed-loop system. The reason this wasn’t observed in the 
multivariable control designs is due to the use of an inaccurate model (i.e 
finite element model), in the control design. To improve performance of the 
MIMO control laws, more accurate models of the multivariable system are 
necessary. 
Future work involving the JPL/AFAL flexible antenna experiment involves 
redesigning the multivariable control laws based on an improved model, when 
one becomes available. This work would include increasing the number of 
actuators/sensors used, and addressing the issue of non-collocated sensors 
and actuators. Additional sensors and actuators would allow more modes 
of the system to be damped and potentially increased vibration attenuation 
across the frequency spectrum of the structure. Robustness issues will also be 
addressed. The control designs will be tested to determine their robustness 
to different types of uncertainties associated with the plant, actuators, and 
sensors. Research in this same area is also being carried out a t  the California 
Institute of Technology [10,11]. 
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